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Abstract-A relation on dihedral angles of n-simplex is given. 
The fact that the angle sum of a triangle in Euclidean geometry is ?r can be generalized in 
several directions, including its variations in non-Euclidean geometries. It seems, however, natural 
generalizations in Euclidean geometry cannot be found in the literature except a well-known result 
due to de Gua on the dihedral angles and trihedral (solid) angles of a tetrahedron. It states 
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where the sum is taken for all solid angle o’s at the vertices and for all dihedral angle P’S at the 
edges of the tetrahedron. This formula is equivalent to 
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where 7’s are the angles between the incident edges. This form of the alternate sum of normalized 
angles generalizes to higher dimensional simplices. [l, p. 231. This paper will consider dihedral 
angles of tetrahedron and higher dimensional simplices. 
For a right triangle with angles 0s = $, 81, and 82, we have 
c~~2e0 + c~s2 e1 + c~~2e2 = 1. 
This follows obviously from the following identities 
(1) 
cose2 =sint+, COS: = 0, and cos2 Bi + sin2 8i = 1. 
We will show that a similar relation exists for dihedral angles of rectangular n-simplices, i.e., a 
simplex generated by the zero vector and a set of n orthogonal nonzero vectors. 
Let E” be the n-dimensional Euclidean space with an orientation. Let U be an oriented (n - l)- 
dimensional subspace of En with an ordered basis (~1,. . . , u,,_ 1) in the positive orientation of U. 
The unit normal vector Y to U is chosen so that (~1,. . . , ~~-1, v) is in the positive orientation 
of E”. 
We define the dihedral angle between oriented codimension 1 subspaces of E” to be the angle 
between their unit normal vectors chosen as described above. We define the dihedral angle 
between oriented hyperplanes to be the dihedral angle between the subspaces which are translates 
of the hyperplanes. 
Let {ve,~i,... , v,} be a set of vectors in En not contained in any one hyperplane of En. It is 
equivalent to saying that (~1 - 00, ‘~2 - vs, . . . , v, - vg} is linearly independent. The n-simplex 
generated by the set {vs, vi,. . . , vn}, denoted by [vc, vi,. . . , vn], is the set 
{ 
2aiVj : ai 1 O,gC4i 5 1 . 
i=O i=o 1 
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It is the convex hull of the set (~0, ~1,. . . , v,}. We define the dihedral angle between 
(n - 1)-dimensional faces of the n-simplex [VO, ~1,212 , . . . , v,] to be the dihedral angle between 
the hyperplanes containing the faces. The hyperplane containing a face is oriented consistently 
with the orientation of the face, i.e., the order of vertices of the face. 
For the rest of this paper, vo is the zero vector of E”. 
THEOREM A. Let {v1,v2,. . . , v,} be a set of orthogonal nonzero vectors in E”. Let Fi be 
(--1)~[VO,Vl,V2,~~ . ,tij,... , vn], an (n - 1)-dimensional face of the n-simplex [vo, vl, 212,.  . , v,], 
for i = 0, 1,. . . , n. Let 6tl be the dihedral angle between Fk and Fl. Then 
or equivalently, 
n 
c cos2 &,k = I. (3) 
k=l 
PROOF. Applying orthogonal transformation if necessary, we may assume vi = jvil ei for 
i = 1,2,... , n, where 1~1 is the length of vi and {el, e2,. . . , e,} is the standard basis of E”. It 
is easy to check that the unit normal vector ~0 to the face FO is 
(-l)n-l$e IVjl-lej, 
cl 
where 
L= fJVjls2 
( ) 
t 
i=l 
and that the unit normal vector vi to Fi is 
Hence 
Vj = (-l)“-lej, for a’= 1,2 ,... ,n. 
&,k = cos-‘(VO ’ vk) = cd@ Iv&-‘, for k = 1,2,... ,n 
and 
6$l = ?! 
2’ 
fork#landk,l#O. 
Now (3) follows by substituting COS &k on the left side of the equation by (L 121k )-l. Equation (2) 
is obviously equivalent to (3), since the extra terms on the left side of (2), not appearing in (3), 
all vanish. I 
COROLLARY 1. Let S be an n-simplex generated by the zero vector vo and a set of orthonormal 
vectors {VI, 212,. . , v,}. Then the diheral angle between the face FO and the other faces of S 
containing vo is cos-‘(l/Jfi), i.e., 
BOk fork= 1,2 ,... ,n. 
PROOF. Since {v1,v2 , . . . , v,} is orthonormal, the dihedral angles appearing in (3) are of the 
same value, i.e., &,k = &I for every k, 1 # 0. I 
From Corollary 1, it follows that the dihedral angle of a rectangular isosceles (a rectangular 
2-simplex) is n/4 = cos-‘( l/d). 
For other special cases n = 3 and n = 4, we have the following corollaries. 
COROLLARY 2. The dihedral angle of the face F. and the other faces containing the zero vector 
vo of a rectangular tetrahedron generated by vo and the standard basis {el,e2, es} of Es is 
cos-‘(l/d& 
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COROLLARY 3. The dihedral angle of the face Fo and the other faces containing the zero vector 
vo of a rectangular 4-simplex generated by v. and the standard basis {el,e2, es, e4) of E4 is 
n/3 = cos-l(1/2). 
REMARK 1. The dihedral angles of Corollary 1 for n = 2 and n = 4 are special angles, namely, 
7r/4 and 7r/3. These are the only cases when the dihedral angle is r/k for some positive integer 
k. 
Let (210, ~1,212,. . . , v,} be a set of equidistant points. In other words, they satisfy 1 Vi - Vj 1 = 
1 - Sij for every i,j = O,l,... ,n. Then we will call the n-simplex [VO, VI, vz, . . . , v,] to be 
regular. For example, a regular Zsimplex is an equilateral triangle. The (n - I)-dimensional 
faces of [v0,v1,v2,... , v,] are also regular and all the dihedral angles have the same value. In 
fact, for example, see Theorem B. 
THEOREM B. Let 9~1 be the dihedral angle between the faces Fk and Fl of a regular n-simplex, 
then 
l9k/ = cos+,, for every 0 5 k < 1 5 n. (4) 
PROOF. The volumes of the (n - 1)-dimensional faces of any n-simplex satisfy. 
l&l2 = c lFk12 - c IFkll4lcoshr (5) 
kfi k,l#i 
k#l 
for i = O,l, . . . , n. See [2]. Here (Fi I stands for the volume of Fi. Since the volumes of the faces 
of a regular simplex are of the same value and so are the dihedral angles, we get the conclusion 
by counting the number of the terms in the summations on the right side of (5), which are n and 
n(n - 1) respectively. I 
For special cases n = 2 and n = 3, we have the following. 
COROLLARY 4. The dihedral angle of an equilateral triangle is 7r/3 = cos-1 (l/2) aud the dihedral 
angle of a regular tetrahedron is cos-l (l/3). 
REMARK 2. n = 2 is the only case when the dihedral angle divides 2n evenly so that the regular 
n-simplices of the same size can tesselate the whole space E”. 
REMARK 3. An n-simplex S has n + 1 faces, hence (n + 1) n/2 dihedral angles &I for 0 < k < 
15 n. Therefore, we can express (4), equivalently, as 
c n+l c‘,s& = -. 
O<k<l<n 
2 
We may also put it, for comparison with the csse of rectangular simplices (2) and (3), as 
c n+l ca28k, = -. 
O<k<l<n 
2n 
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